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VIRTUAL HODGE POLYNOMIALS OF THE MODULI SPACES OF 
REPRESENTATIONS OF DEGREE 2 FOR FREE MONOIDS 

KAZUNORI NAKAMOTO AND TAKESHI TORII 


Abstract. In this paper we study the topology of the moduli spaces of representations of degree 
2 for free monoids. We calculate the virtual Hodge polynomials of the character varieties for sev¬ 
eral types of 2-dimensional representations. Furthermore, we count the number of isomorphism 
classes for each type of 2-dimensional representations over any finite field ¥q , and show that the 
number coincides with the virtual Hodge polynomial evaluated at q. 


1. Introduction 

The moduli spaces of representations have been studied in various contexts (see, for example, 
[3 HU m HI])- In order to study the representation theory over schemes, the first author defined 
the representation variety and the character variety over Z of absolutely irreducible representations 
for groups or monoids in |18] . Although they are of great importance in the representation theory 
over schemes, it is difficult to analyze them. To overcome this difficulty, the first author introduced 
representations with Borel mold and studied the representation variety and the character variety 
of representations with Borel mold in m- Furthermore, we studied the topology of these moduli 
spaces of representations with Borel mold for free monoids over the field C of complex numbers in 

m- 

Let us introduce a general framework for the representation theory over schemes for free monoids 
(cf. [inillT])- Let Rep„(m) = (Mn)'” the product of m-copies of the full nxn matrix ring, which 
is the representation variety of degree n over Z for the free monoid with m generators. There is a 
decomposition of Rep„(m) by locally closed subschemes 

Rep„(m) = y Rep„(m)rk?i, 

h=l 

where Rep„ (m)rk?i is the moduli space of representations which generate a subalgebra of rank h 
in the matrix algebra M„. Here we use “rank” in the sense of the rank of a subalgebra of the full 
matrix ring as projective module or locally free sheaf, because we deal with subalgebras (which is 
a projective module or locally free sheaf) of the matrix algebra M„ over an arbitrary commutative 
ring or scheme. The open subscheme Rep„(m)rkra 2 is the moduli space Rep„(m)air of absolutely 
irreducible representations 

Rep„(m)air- = Rep„(m),k„2. 

In degree 2 case we can study these moduli spaces in more detail as in |20j . In particular, 
Rep 2 (m)rk 3 is the moduli space Rep 2 (m)s of representations with Borel mold. We have two 
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subschemes of Rep 2 (m)rk 2 - One is the moduli space Rep 2 (TO)ss of semi-simple representations, 
and the other is the moduli space Rep 2 (TO)u of unipotent representations. Then Rep 2 (m)„ is 
closed in Rep 2 (m)rk 2 , and Rep 2 (m)ss is its open complement. We can regard Rep 2 (m)rki as the 
moduli space Rep 2 (m)sc of scalar representations. The conjugate action of matrices induces an 
action of the group scheme PGL 2 on Rep 2 (m)* for * = air,B,ss,u,sc. The character variety 
Ch 2 (m)* is defined as 

Ch2(m)* = Rep2(TO)*/PGL2. 

In [18], [19], and [20], the first author showed that Gh 2 (m)* is a universal geometric quotient of 
Rep 2 (m)* by PGL 2 for * = air, B, ss,u, sc. (For * = u, we need to divide Rep 2 (m)„ into two 
parts: the Z[l/2]-part and the F 2 -part. More precisely, see [20].) 

In this paper we study the topology of the moduli spaces of representations of degree 2 for free 
monoids. We calculate the integral and rational cohomology groups of representation varieties 
Rep 2 (m)* and character varieties Ch 2 (TO)* over the field C of complex numbers for * = ss,u,sc. 
Also, we give the virtual Hodge polynomial of Rep 2 (TO)* and Ch 2 (m)* for * = ss, u, sc, air. See ![5] 
for the definition of virtual Hodge polynomials. In this paper we obtain the following theorems: 

Theorem 1.1 (Theorem 15.81) . The virtual Hodge polynomial 0 /Rep 2 (m)air(C) is given by 
VHP(Rep 2 (m)„,,(C))(z) = (1 - z’")(l - 


VHPe(Rep 2 (m)az.(C))(z) = _ 1 ). 

Theorem 1.2 (Theorem 15.18|1 . The virtual Hodge polynomial o/Gh 2 (m)air(C) is given by 

VHP(Gh 2 (m)a*.(C))(z) = 


VHP,(Gh 2 (m)a„(C))(z) = ^ 

These results can be obtained by considering the mixed Hodge structures on the rational cohomol¬ 
ogy of Rep 2 (m)* for * = B, ss, u, sc and calculating these virtual Hodge polynomials. 

Furthermore, we count the numbers of Fg-valued points of the moduli spaces of representations 
of degree 2 for free monoids. In particular, the number of Fg-valued points of Rep 2 (TO)air is the 
number of absolutely irreducible representations of degree 2 over Fg for the free monoid with m 
generators, and the number of Fg-valued points of Gh 2 (TO)air is the number of isomorphism classes 
of such representations. 

Theorem 1.3 (cf. Theorems 16.101 and 16.111) . For any finite field Fg, the number of absolutely 
irreducible representations of degree 2 over Fg for the free monoid with m generators is given by 

|Rep2(m)air(Fg)| = VHPc(Rep2(m)air(C))(g), 
and the number of isomorphism classes of such representations is given by 

|Ch2(m) air (Fg)| = VHPe(Ch2(m) air (C))(g). 

Note that if there exists a polynomial with integer coefficients which counts the number of Fg- 
valued points of a separated scheme X of finite type over Z, then |X(Fg)| = VHPc(X(C))(g). For 
more details, see [H] §6]. We should mention that these results coincide with the calculation of P51 
Example 7.2]. Reineke has already calculated the virtual Hodge polynomials of Ch 2 (to) air(C). 

By these results, we have the following main theorem of this paper: 

Theorem 1.4 (Theorem 16.14|) . The number of¥q-valued points of Ch 2 {m) is given by 

= |Ch2(TO)air(Fg)| + j Ch2 (to),, (Fg) j + | Gh2 (to),^ (Fg) j 
g2m+2^^2m—3 _ g™—2 _ g"*—3 _j_ 2) 
g2 — 1 


|Ch2(TO)(Fg)| 
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In particular, the virtual Hodge polynomial o/Ch 2 (m) is given by 


VHPc(Ch2(m))(z) 


^2m+2 




2m—3 _ ^m—2 _ ^m—3 


1 ) 


-1 


In the present paper, we deal with only 2-dimensional representations of free monoids. However, 
our strategy is available for other groups or monoids. We can calculate the numbers of equivalence 
classes of absolutely irreducible 2 -dimensional representations over Fg for finitely generated groups 
or monoids F by calculating the number of the Fg-valued points of the representation variety 
Rep 2 (r) and the others Rep 2 (r)* for * = B, s.s.,u, sc. If there are polynomials with integer 
coefficients which count the numbers of the Fg-valued points of the reprensetation variety Rep 2 (r) 
and the others Rep 2 (r)*, then the polynomials coincide with virtual Hodge polynomials of the 
corresponding schemes. 

For 3-dimensional representations, we can also calculate the virtual Hodge polynomials of the 
character varieties of absolutely irreducible representations for finitely generated free monoids. 
Indeed, there are 26 types of subalgebras of the full matrix ring of degree 3, and we can calculate 
the virtual Hodge polynomial of the representation variety Rep 3 (m), associated to each subalgebra 
of M 3 in the same way as 2 -dimensional representations. 

Here we should point out the results of i, m. da, m, m, and so on. After we wrote the 
present paper, we found out their papers. Their results are very much related to our paper. Our 
strategy to calculate the numbers of Fg-valued points and the virtual Hodge polynomials of the 
representation varieties and the character varieties is essentially same as [3] and [13]. Moreover, it 
is much easier to calculate the virtual Hodge polynomials of Chn{m)air ■= Rep„(m)air/PGL„ by 
the method of [53] than to calculate them by our strategy. However, we believe that it is worth 
publishing our results. Not only are our objects Rep 2 (m)* and Ch 2 (m)* different from the SL 2 (C)- 
character varieties of free groups, but also we give a geometric meaning to their stratifications of 
the representation varieties in |3]. Each stratification represents a certain moduli functor which 
is described in terms of representation theory. This interpretation allows us to overview the rep¬ 
resentation varieties and the character varieties from viewpoints of algebraic geometry, algebraic 
topology, representation theory, and so on. Furthermore, as far as we know, our strategy is the 
only way to calculate the virtual Hodge polynomial of Ch 2 (m). 

The organization of this paper is as follows: In we study the representation variety and 
the character variety of semi-simple representations. We give descriptions of these moduli spaces. 
Then we calculate the integral and rational cohomology groups of them. In ^ we define the 
representation variety and the character variety of unipotent representations of degree 2. Then 
we give descriptions and calculate the cohomology groups of them. In gl we define and study 
the moduli spaces of scalar representations. In ^we study the virtual Hodge polynomials of the 
representation varieties and the character varieties of representations of degree 2 for free monoid. 
Then we prove Theorem 11.11 and Theorem 11.21 In we count the number of Fg-valued points of 
the moduli spaces, and prove Theorem 11.31 and Theorem 11.41 

Let Z, Q, R, C be the ring of integers, the field of rational numbers, the field of real numbers, the 
field of complex numbers, respectively. In this paper we denote by H*[X) the integral cohomology 
groups, and by the rational cohomology groups of a space X. For a graded module V 

over Z or Q, we denote by A(H) the free commutative graded algebra on V. 


2. The moduli spaces of semi-simple representations 

In this section we study the moduli spaces related to semi-simple representations. We give 
descriptions for the moduli spaces and calculate the cohomology groups of them. 
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2.1. Descriptions for the moduli spaces of semi-simple representations. Let K be an 

algebraically closed field. For {Ai,... ,Am) G (Mn(/tr))™, we write Ak = {aij{k))ij. Then we 
define Uij G by mj = (oy (1),..., 0 ^ ( 771 )). We denote by D„ the iL-subalgebra of M„(iL) 
consisting of diagonal matrices. Let SS„(to) be the subspace of (D^)"* given by 

SS„(to) = {(Ai, ..., Am) G (D„)™| Ai,. - ■, Am generate D„ as a /G-algebra}. 

We define the moduli space Rep„(TO)ss(^f) of semi-simple representations by 

Rep„(m)ss(R:) 

= {(Ai, ...,Am)& (M„(iL))™| {PAiP -\..., PAmP-^) G SS„(m) for some P G PGL„(X)}. 

Note that SS„(to) is a subspace of Rep„(TO)ss(iG). Let F’„(Rr™) be the configuration space of 
distinct ordered n-points in 

= {(pi,... ,p„) G {K^)-\ p. ^ p, for 7 + j}. 

For p = (pi,... ,p„) G (iL"*)”, we set 

p(p) = {Ai ,..., Am) G (D„)™ 

where Oy = p^ if i = j, and Oy = 0 if i ^ j. Then we obtain an isomorphism p : (/G™)" (Dn)"*. 

By [m Lemma 3.3], we obtain the following lemma. 

Lemma 2.1. The map tp induces an isomorphism Fn{K^) SSji(m) of smooth algebraic vari¬ 
eties. So we can regard Fn{K^) as a subspace ofIiep„{m)ss{K). 

Let E„ be the symmetric group on n-letters. We regard E„ as a subgroup of PGL„(iL) consisting 
of permutation matrices. Let T„ be the diagonal subgroup of PGL„(iL). We denote by H„ the 
subgroup of PGL„(Rr) generated by and T„. Then T„ is a normal subgroup of H„ and H„ is 
isomorphic to the semi-direct product T„ xi It is easy to prove the following lemma. 

Lemma 2.2. If P £ PGL„(iL) satisfies = D„, then P G H„. 

Since PGL„(A") acts on Rep„(m)ss(iF) by conjugation, we can extend the inclusion map p : 
Fn{K^) —>■ Rep„(m)ss(A") to a map PGL„(A") x Fn{K^) —> Rep„(m)ss(A'). Note that the 
subgroup H„ preserves the subspace Fn{K"^). So this map factors through PGL„(A') Xh„ Fn{K"^). 

Theorem 2.3. There is an isomorphism of smooth algebraic varieties with PGhn{K)-action 

Rep„(m),,(iL) ^ PGL„(iF) Xh„ A„(iG™). 

In particular, diniif Rep„(m)ss(Ar) = mn -I- n(n — 1). 

Proof. For any A = {Ai ,..., Am) G Rep„(m)ss(Ar), there exists P G PGL„(A') such that PAP~^ G 
Fn{K^). So PGL„(A') Xh„ A'„(Ar™) —>■ Rep„(m)ss(Ar) is surjective. Suppose that PUP~^ = 
QVQ-^ for P,Q G PGL„(A"), t7,R G A„(A:™). Then U = P-^QVQ-^P G A„(A:™). So 
both of U and P~^QVQ~^P generate D„. By Lemma 12.21 P~^Q = B € H„. Then we see 
that {Q,V) = {PB,V) = {P,BVB-^) = {P,U) in PGL„(A:) Xh„ F„iK^). This completes the 
proof. □ 


Remark 2.4. There exists a scheme Rep 2 (m)ss of finite type over Z by [20], and Rep 2 (m)ss(Ar) 
is the associated algebraic variety. 
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Bv Theorem l2.31 we have Rep„(m)ss(-fi') — Note that PGL„(i4r)/T„ 

is the space of n-tuples (Zi,..., where U is a 1-dimensional subspace of for i = 1 ,..., n, 
and ~ Then acts on PGL„(itr)/T„ as permutations of lines. 

We define the character variety Gh„(m)ss(R") of semi-simple representations as the quotient 
space of Rep„(m)ss(^i^) by PGL„(A"): 

C\vn{m)ss{K) = Rep„(m)ss(R')/PGL„(/-f). 

Let Cn{K'^) be the configuration space of distinct unordered n-points in AT™ which is defined to 
be the quotient space A„(Ar"*)/E„: 

Since Ch„(m)ss(Ar) = Rep„(m)ss(A")/PGL„(Ar) = and the subgroup T„ acts trivially 

on Fn{K"^), we obtain the following corollary. 

Corollary 2.5. There is an isomorphism of smooth algebraic varieties 

CK{m)ss{K)^Cn{K^). 

Remark 2.6. There exists a scheme Gh 2 (m)ss of finite type over Z by [20], and Gh 2 (m)ss(A') is 
the associated algebraic variety. 

2.2. Integral cohomology groups of the moduli spaces of degree 2. In this subsection we 
restrict our attention to the degree 2 representations over C. We study the integral cohomology 
groups of the moduli spaces related to semi-simple representations of degree 2. 

We denote by the r-sphere, and by P’' the projective r-space. 

Lemma 2.7. The configuration space A 2 (C™) with 122-action is equivariantly homotopy equivalent 
to 5^™“^ with antipodal 122-action. Hence C 2 (C"*) is homotopy equivalent to P^™“^(R). 

Proof. We regard as the unit sphere in C™. We have a E 2 -equivariant map from F 2 (C’") to 

g 2 m-i gjygj^ |-,y (p 2 ,P 2 ) '—>■ , where || • || is the standard norm in C"*. It is easy to see that 

this map is a non-equivariant homotopy equivalence. Since A 2 (C'") and are free E 2 -spaces, 

this map is a E 2 -equivariant homotopy equivalence. □ 

By Gorollarv l2.5l and Lemmawe can calculate the cohomology groups of Gh 2 (m)ss(C). 
Corollary 2.8. We have an isomorphism of commutative graded algebras 

H*iCh 2 {m)ss{C)) ^ A(s, t)/(2s, s™, st) 
with |s| = 2 and |t| = 2m — 1. 

Lemma 2.9. The 122-space PGL 2 (C)/T 2 is equivariantly homotopy equivalent to with antipodal 
122-action. Hence PGL 2 (C)/H 2 is homotopy equivalent to P^(R). 

Proof. Let X be the space of pairs (Ai, L 2 ) where Li and L 2 are orthogonal lines in C^. Then W is a 
E 2 -subspace of PGL 2 (C)/T 2 , and the inclusion X ^ PGL 2 (C)/T 2 is non-equivariantly homotopy 
equivalent. Since PGL 2 (C)/T 2 and X are free S 2 -spaces, X is S 2 -equivariantly equivalent to 
PGL2(C)/T2. 

We regard P^(C) as the space of lines in C^. Since the orthogonal complement of A € P^(C) 
is uniquely determined, we can identify X with P^(C). Then the nontrivial element r in E 2 acts 
on P^(C) as r(A) = A"^ for A € P^(C). The space P^(C) with this S 2 -action can be identified with 
with antipodal E 2 -action. □ 

Corollary 2.10. The space Rep 2 (m)ss(C) is homotopy equivalent to 5'^’” 
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Proof. By Theorem 12.31 Rep 2 (TO),js(C) = PGL 2 (C)/T 2 F 2 (C'"). Then the corollary follows 
from Lemmas EIlandEll □ 

Proposition 2 . 11 . We have an isomorphism of commutative graded algebras 

iJ*(Rep 2 (l)..(C)) ^ A(a, &)/(26, ab) 

with |a| = 1 and | 6 | = 3. 

Proof. By Corollary 12.101 Rep 2 (l)ss(C) is homotopy equivalent to S^. Consider the Serre 

spectral sequence associated with the fibration ^ /T ,2 = S^: 

EP’^ = HP{Z-, iLP+«(5'2 xe. S'!). 

Note that 711 ( 5 ^) = Z acts nontrivially on Then we have = E^’^ = Z, E^’'^ = 

and E^'^ = 0 otherwise. Hence the spectral sequence collapses. Since there are no extension 
problems, we obtain the proposition. □ 

Theorem 2.12. For m > 2, we have an isomorphism of commutative graded algebras 

H*iRep 2 im)ssiC)) ^ A(a, b)/{2a, a^) 

with |a| = 2 and | 6 | = 2 m — 1 . 

Proof. By Corollary 12.101 Rep 2 (m)ss(C) is homotopy equivalent to x^a Consider the 

Serre spectral sequence associated with the fibration 5*2 g 2 m-i S'^/T 12 = P^(K): 

where is the local coefficient system determined by the action of the fundamental group 

7 ri(P^(K.)) on In this case 7 ri(P^(K.)) = Z/2 acts trivially on Then 

we have £^ 2 ’° — £ 2 ’^™”^ = Z, £ 2 ’° = £ 2 ’^™”^ = Z/2, and E^’’^ = 0 otherwise. Hence the spectral 
sequence collapses. Since there are no extension problems, we obtain the theorem. □ 

2.3. Rational cohomology groups of the moduli spaces. In this subsection we study the 
rational cohomology groups of the moduli spaces related to semi-simple representations over C. 

Recall that PCL„(C)/T„ is the space of ordered n-lines (li, ...,/„) in C” such that 
We let Ej = X]i=i h be the subspace of C" spanned by for 1 < i < j. Then (£ 1 , ...,£„) is a 
complete flag in C". We denote by Flag(C") the flag variety, which is the space of complete flags 
in C". So we obtain a map PCL„(C)/T„ Flag(C") of complex manifolds. Since this map is a 
homotopy equivalence, we obtain the following lemma. 

Lemma 2.13. The cohomology group o/PCL„(C)/T„ is given by 

£*(PCL„(C)/T„) ^ Z[£,... ,t„]/(ci,..., c„), 

where |ti| = ••• = |t„| = 2, and Ci is the ith elementary symmetric polynomial of ti,... ,tn for 
j = 1,... ,n. The action of Yin on PCL„(C)/T„ induces an action on £*(PCL„(C)/T„), which is 
given by permutations of ti,... ,tn. 

Lemma 2.14. The rational cohomology £*(PCL„(C)/T„;Q) is the regular representation o/E„. 

Proof. Since E„ freely acts on PCL„(C)/T„, there are no fixed points. Let y be the character of 
the representation defined by £*(PCL„(C)/T„; Q). By the Lefschetz fixed point formula, xig) = 0 
if g is not the identity in E„, and xid) = nl ii g is the identity. Hence £*(PCL„(C)/T„; Q) is the 
regular representation of E„. □ 

We can easily describe the rational cohomology groups of a quotient space by a free action of a 
finite group. We put the following well-known lemma for the reader’s convenience. 
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Lemma 2.15. Let G he a finite group. Suppose that G freely acts on a space X and that the 
quotient map X —> X/G is a principal G-bundle. Then we have an isomorphism of commutative 
graded algebras 

H*{X/G]Q) ^ H*{X-,Q)^. 

Proof. By the assumptions, we have a fibration X X/G BG, where BG is the classifying 
space of G. We consider the associated Serre spectral sequence 

E^-'^ = HP{G] Q)) i7P+«(X/G; Q). 

For any G-module M over Q, we have HP{G\M) = 0 for p > 0 (see, for example, [TJ Chap¬ 
ter III, Corollary 10.2]). Hence the spectral sequence collapses and we obtain that HP{X/G;Q) = 
HP{X-,Q)^. □ 

Theorem 2.16. We have an isomorphism of commutative graded algebras 

i?*(Rep„(m),,(C);Q) ^ (iJ*(PGL„(C)/T„;Q) ® Q))^” . 

Proof. The symmetric group freely acts on PGL„(C)/T„ x Fn{C"^) and the quotient space 
PGL 2 (C)/T„ Xs„ F„(C™) is isomorphic to Rep„(m)ss(C) by Theorem 12.31 Hence we obtain the 
theorem by Lemma [2.151 □ 

Note that the cohomology groups of the configuration space F’„(C™) is given by 

H*{F^iC"^)) = k{s{iG))l<i<,<n/G 

where |s(7, j)| = 2m — 1 for 1 < i < j < n and the ideal I is generated by 

s{i,k)s{j, k) - s{i,j)s{j, k) + s{i,j)s{i,k) 

for l<i<j<k<n. 

Corollary 2.17. For n = 2, the inclusion F 2 {C"^) ^ Rep 2 (m)ss(C) induces an isomorphism of 
rational cohomology groups 

i7*(Rep2(m),,(C);Q) ^ i?*(F2(C™);Q), 
which is an isomorphism of commutative graded algebras. 

Proof. By Lemma [2.91 we see that E 2 non-trivially acts on iJ^(PGL 2 (C)/T 2 ;Q). On the other 
hand, E 2 trivially acts on i7*(F2(C™); Q) by Lemma [277l These imply that (iJ*(PGL 2 (C)/T 2 ; Q)® 
i7*(F2(C™);Q))^= ^i7*(F^2(C’");Q). □ 

Remark 2.18. Gorollarv 12 .1 71 also follows from Proposition 12.111 and Theorem 12.121 

Corollary 2.19. We have 

dimR®™"(Rep„(m)ss(C);Q) = dimR°‘^'^(Rep„(m)ss(C); Q) = y. 

Proof. By induction on n, we see that dimR®™"(F„(C™); Q) = dimR°'^'^(F'„(C’"); Q) = n!/2. 
Since Q[E„] ® H as Q[E„]-modules for any representation V of E„, we see that 

i7*(Rep„(m)ss(C);Q) = Q) as Q-vector spaces for * = even,odd by Lemma [2.141 and 

Theorem 12.161 □ 

Lemma 2.20. The quotient map Fn{<C"^) —induces an injection of rational cohomology 
groups 


R*(C„(C™);Q) -A R*(F„(C™);Q), 
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and the image of the map is identified with the Yin-invariant submodule of H*{Fn(C'^)',Q). We 
have an isomorphism of commutative graded algebras 

H*{Cn{cn-,Q) = Hs) 

with |s| = 2m — 1. 

Proof. Since freely acts on Fn{C"^), we obtain that Q) = Q)^" by 

Lemma [2.151 Let s = s{i,j) € Q). Then we have iL*(F„(C’"); Q)^” = A(s) 

by m Corollary 5.2]. This completes the proof. □ 

By Corollarv l2.51 we obtain the following proposition. 

Proposition 2.21. The composition map FnfiC^) Rep„(m)ss(C) —)• Ch„(m)ss(C) induces an 
injection of the rational cohomology groups 

H*(Chnim)ssiCy,Q) -A iL*(F„(C™);Q). 

ITe have an isomorphism of commutative graded algebras 

H*iCK{m)ss{C);Q) = A{s) 

with |s| = 2m — 1. 

3. The moduli spaces of unipotent representations of degree 2 

In this section we study the moduli spaces related to unipotent representations of degree 2. We 
give descriptions for the moduli spaces and calculate the cohomology groups of them. 

3.1. Descriptions for the moduli spaces of unipotent representations of degree 2. Let K 

be an algebraically closed field. Let N 2 be the iL-subalgebra of M 2 (K) generated by the following 
matrix 

0 1 
0 0 

Note that dirni^ N 2 = 2. Let U 2 (m)(iL) be the subspace of (N 2 )™ given by 

U 2 (m)(Ar) = {{Ai,... ,Am) G (N 2 )'"| Ai,Am generate N 2 as a ilT-algebra} . 

Note that U 2 (m)(iL) is an algebraic variety associated to a scheme U 2 (m) over Z. We define the 
moduli space Rep 2 (m)u(Lf) of unipotent representations of degree 2 by 

{PAxP-\...,PAmP-^)&^2{m){K) I 

for some P G PGL 2 (Rr) J 

In we showed that there exists a scheme Rep 2 (m)„ of finite type over Z[l/2] (or Z/2Z). Hence 
Rep 2 (m)„(Rr) is an algebraic variety over K associated to the scheme Rep 2 (m)„. Note that there 
is a map U 2 (m)(if) —>■ Rep 2 (m)„(Rr) of algebraic varieties which is injective as a map of sets. 

Let P) 2 {K) be the subgroup of PGL 2 (i^) consisting of upper triangular matrices. The group 
^ 2 {K) acts on U 2 (m)(Rr) by conjugation. Since PGL 2 (i^) acts on Rep 2 (m)„(iL) by conjugation, 
the map U 2 (m)(Rr) —>■ Rep 2 (m)„(R') extends to a map PGL 2 (A") x U 2 (m)(A') —>■ Rep 2 (m)u(Ar) 
of algebraic varieties. This map factors through the quotient algebraic variety PGL 2 (Ar) Xb 2 (a') 
U 2 (m)(A"), and hence we obtain a map 

PGU{K) XB,(ic) U2(m)(iL) ^ Rep2(m)4X) 

of algebraic varieties. 

It is easy to prove the following lemma . 

Lemma 3.1. If P £ PGL 2 (A") satisfies PN 2 P~^ = N 2 , then P G B 2 (Ar). 


Rep2(m)„(iL) = G { M 2 { K)y 
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Theorem 3.2. The map VGL 2 {K) Xb2(a') ^ 2 (Tn){K) Rep2(m)u(i^) of algebraic varieties is a 
bijection 

PGU{K) Xb 2 (a) V 2 im)iK) ^ Rep^{mUK) 

as a map of sets. 

Proof. For any A = , Am) € Kep 2 {'n^)u{K), there exists P € PGL 2 (iF) such that PAP~^ S 

N 2 . So PGL 2 (iF) Xb 2 (r') U 2 (m)(iF) —>■ Rep 2 ifn)u{K) is surjective. Suppose that PUP~^ = 
QVQ-^ for P,Q e PGL 2 (iF) and U,V £ V 2 {m){K). Then U = P-^QVQ-^P € U 2 (m)(iF). So 
both of U and P~^QVQ~^P generate N 2 . By Lemma [3Jl P~^Q = B G B 2 {K). We see that 
(Q,P) = {PB,V) = {P,BVB-^) = {P,U) in PGL 2 (iF) Xb 2 (a) U 2 (m)(iF). This completes the 
proof. □ 

Remark 3.3. If the characteristic of K is not 2, then the map is an isomorphism of algebraic 
varieties. If the characteristic of iF is 2, then the map induces a purely inseparable extension of 
degree 2 between the function fields. 

We define the character variety Gh2(m)„(IF) of unipotent representations of degree 2 as the 
quotient algebraic variety of Rep2(m)„(iF) by PGL2(iF): 

Ch2(m)„(Rr) = Rep2(m)„(Rr)/PGL2(R:). 

The map PGL2(Rr) Xb2(a') U2(m)(iF) —>■ Rep2(m)u(A") induces a map 

U2(m)(iF)/B2(iF) ^ Gh2(m)„(iF) 

of algebraic varieties. 

Recall that for {Ai,...,Am) G {M. 2 {K))'^ , we have Uij = (a^ (I),..., a^- (m)) for i,j = 1,2, 
where A^. = {aij{k)) {k = l,...,m). The map (M2(Ar))'" -G given by {Ai,...,Am) i-t 

(011,012) induces an isomorphism 

U2(m)(A") (AT™ - 0). 

of algebraic varieties. By this isomorphism, we obtain an isomorphism 

U2(m)(A')/B2(i^) P™-i(iF), 

of algebraic varieties. This induces a map 

AT™ X P™-i(A") —^ Ch2(m)„(A:) 


of algebraic varieties. 

We easily obtain the following corollary by Theorem l3.2l 
Corollary 3.4. The map AT™ x P’"“^(A') — Ch 2 (m)„(Ar) of algebraic varieties is a bijection 

AT™ X P"^-\K) A Ch2(m)i,(A:) 


as a map of sets. 

Remark 3.5. If the characteristic of K is not 2, then the map is an isomorphism of algebraic 
varieties. If the characteristic of AT is 2, then the map induces a purely inseparable extension of 
degree 2 between the function fields. 
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3.2. Cohomology groups of the moduli spaces of unipotent representations of degree 

2. In this subsection we study the integral cohomology groups of the moduli spaces of unipotent 
representations of degree 2 over C. First, we treat Rep 2 (l)u(C). 

Proposition 3.6. The space Rep 2 (l)u(C) is homotopy equivalent to P^(R). Hence we have an 
isomorphism of commutative graded algebras 

iJ*(Rep 2 (l)„(C)) = A(s, t)/(2s, s‘^,st) 

with |s| = 2 and |t| = 3. 

Proof. By Theorem 13.21 and Remark [3Al Rep 2 (l)u(C) = PGL 2 (C) Xb 2 (C) U2(1)(C). Recall that 
U 2 (l) = CxC^. Then B 2 (C) acts trivially on the left factor C and transitively on the right factor 
C^. Let S be the stabilizer subgroup of B 2 (C) at 1 S C^. Then 

^={( 0 1 ) ePGL2(C)|. 

We can write U2(1)(C) ^ C x (B2(C)/5'). Hence Rep 2 (l)„(C) ^ (PGL2(C)/5') x C cs PGL2(C)/5'. 
Since S = C, PGL 2 (C) —PGL2 (C)/5' is a homotopy equivalence. So we see that Rep 2 (l)u(C) ~ 
PGL 2 (C). It is well-known that the inclusion PU(2) PGL 2 (C) induces a homotopy equivalence 
PU(2) ~ PGL 2 (C). Hence Rep 2 (l)u(C) is homotopy equivalent to PU(2) = P^(R). □ 


Corollary 3.7. We have an isomorphism of commutative graded algebras 


with |t| = 3. 


iL*(Rep 2 (l)„(C);Q)-A(t) 


For m > 2 we have the following theorem on the cohomology groups of Rep 2 (m)u(C). 
Theorem 3.8. For m > 2, we have an isomorphism of commutative graded algebras 

H*{Rep^{mUC))^A{u,s)/{u^) 

with |u| = 2 and |s| = 2 m — 1 . 

Proof. By Theorem 13.21 and Remark [3.31 there is a fibre bundle U 2 (m)(C) —Rep 2 (m)„(C) —>■ 
PGL 2 (C)/B 2 (C) = P^(C). Since U 2 (m)(C) ~ the associated Serre spectral sequence 

collapses. This completes the proof. □ 

Corollary 3.9. For m>2, we have an isomorphism of commutative graded algebras 

iJ*(Rep 2 (m)„(C);Q) ^ A(u,s)/(m^) 

with |it| = 2 and |s| = 2 m — 1 . 

Proof. This follows from the fact that the integral cohomology groups of Rep 2 (m)„(C) is torsion- 
free by Theorem 13.81 □ 

By Corollary [Sm and Remark [?31 the cohomology groups of Ch 2 (m)„(C) is given as follows. 
Proposition 3.10. We have isomorphisms of commutative graded algebras 

and 


with |t| = 2 . 


H*{Ch2{mUCy,Q)^Q[t]/{t^) 
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4. The moduli spaces of scalar representations 

In this section we define the moduli spaces related to scalar representations. It is easy to give 
descriptions of the moduli spaces. Then we obtain the cohomology groups of them. 

Let K be an algebraically closed field. We define the moduli space Rep„(m)sc(I^) of scalar 
representations by 

Rep^{m)sciK) = {{Ai,..., A^) e diuiK K{Ai,..., Am) = I}, 

where K(Ai, ..., Am) is the RT-subalgebra of Mn{K) generated by Ai,..., Am- 
Theorem 4.1. We have an isomorphism of smooth algebraic varieties 

Rep„(m),,(iL) ^ if™. 

Henee we have isomorphisms of eommutative graded algebras 

iJ*(Rep„(m)sc(C)) = Z 

and 

-ff*(Rep„(m)^c(C);Q) ^ Q. 

Proof If {Ai,...,Am) € sc{K )then Ai is a scalar matrix for I < i < m. Hence 

RepMsciK) ^ if™. □ 

The group PGL„(if) acts on Rep„(m)sc(if ) by conjugation. We define the character variety 
Ch„(m)sc(if) of scalar representations by the quotient space 

CK{m)sc{K) = Rep„(m)sc(Js^)/PGL„(if). 

Theorem 4.2. We have an isomorphism of smooth algebraic varieties 

Ch„(m),,(if) ^ if™. 

Hence we have isomorphisms of commutative graded algebras 

if*(Ch„(m),,(C)) ^Z 

and 

H*{CK{m)UCy,Q)=Q 

Proof. This follows from the fact that the action of PGL„(if) on Rep^{m)sc{K) is trivial since 
Rep„(m)sc(if) consists of m-tuples of scalar matrices. □ 

Remark 4.3. There exist smooth schemes Rep„(m)sc — and Gh„over Z, and 
Rep„(m)sc(Ar) and Chn{m)sc{K) are the associated algebraic varieties. 

5. Virtual Hodge polynomials of the moduli spaces 

In this section we study the virtual Hodge polynomials of the moduli spaces of representations 
of degree 2 over C. See, for example, [5] for the precise definition and properties of the virtual 
Hodge polynomial. Also, see miiia for the virtual Hodge polynomials of the moduli spaces of 
representations with Borel mold. 

For a mixed Hodge structure {V,W,F), we denote by aP’‘>(V) the dimension of the {p,q)- 
component of the pure Hodge structure Gr^^lV) of weight p + q. For an algebraic scheme X 
over C, we denote by VHP(X) the virtual Hodge polynomial of X: 

VHP(A) := ^(-l)”aP’«(if”(A;Q))xV- 

p,q,n 
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We also denote by VHPc(X) the virtual Hodge polynomial of X based on the compact support 
cohomology. Note that if X is smooth of pure dimension m, then 

(5.1) VHP,(X) = (xyrVHP(X) (x-\y-^) 

by the Poincare duality. For simplicity, we set z = xy. 


5.1. Virtual Hodge polynomials of the moduli spaces of representations of degree 2. 

In this subsection we study the virtual Hodge polynomials of the moduli spaces of representations 
of degree 2 over C. In particular, we calculate the virtual Hodge polynomial of the moduli space 
of absolutely irreducible representations of degree 2. 

Let K be an algebraically closed field. Let Rep„(m)(K) = (M„(iL))™ be the representation 
variety of degree n for the free monoid with m generators. We define the subvariety Rep„(m)i.kft(l^) 
of Rep„(m)(Lf) by 

Rep„(m)rkh(X) = {{Ai,..., A^) e (M„(A")'"| dimK K{Ai,..., A^) = h}. 

The representation variety Rep^{m)air{K) of absolutely irreducible representations is defined by 

RePn{m)azr{K) = Rep„ (m)rkn2 (AT). 

Remark 5.1. By [18], there exists a smooth scheme Rep„(m)air over Z and Repj^{m)air{K) is 
the associated algebraic variety. 


Let Rep„(m)B(Ar) be the representation variety of representations with Borel mold. When 
n = 2, we have Rep 2 {m)B{K) = Rep 2 (m)rk 3 (R"). We calculated the virtual Hodge polynomial of 
Rep„(m)B(C) in [^ and [22]. 


Proposition 5.2 1 [2H Proposition 7.9] and [221 Corollary 8.16]). The virtual Hodge polynomial 
o/Rep„(m)B(C) is given by 


VHP(Rep„(m)B(C)) 

VHP,(Rep„(m)B(C)) 


(1 - z—^)"-i nr^i (1 - kzn nLi(i - 

(1 - z)’" 

^m{n-l){n-2)/2(^^m _ ^^n-1 _ fc) 

(z - 1)” 


1 ) 


Next we consider the virtual Hodge polynomial of Rep 2 (m)ss(C). 

Proposition 5.3. The virtual Hodge polynomial o/Rep 2 (m,)ss(C) is given by 

VHP(Rep 2 (m),,(C)) = 1 - z™, 

VHPe(Rep2(m),,(C)) = z™+2(z”^ - 1). 

Proof. By Corollary 12.171 the inclusion A 2 (C"‘) ^ Rep 2 (TO)ss(C) induces an isomorphism of 
rational cohomology groups. Hence VHP(Rep 2 (m)ss(C)) = VHP(A 2 (C’")) = 1 — z™. Since 
dime Rep 2 (m)ss(C) = 2m + 2, we have 

VHP,(Rep 2 (m),,(C))(z) = z“VHP(Rep 2 (m),,(C))(z-i). 

Hence we obtain that VHPc(Rep 2 (m)ss(C)) = “ !)• D 


The virtual Hodge polynomial of Rep 2 (m)u(C) is given as follows. 
Proposition 5.4. The virtual Hodge polynomial o/Rep 2 (m)u(C) is given by 

VHP(Rep 2 (m),(C)) = (l + z)(l-z™), 

VHPe(Rep 2 (m),(C)) = z”^(z + l)(z™ - 1). 
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Proof. By Theorem 13.21 and Remark [331 we have the fiber bundle U 2 (m)(C) —>■ Rep 2 (m)„(C) 
PGL 2 (C)/B 2 (C) with respect to the Zariski topology. Note that U 2 (to)(C) = C™ x (C™ — 0) and 
PGL 2 (C)/B 2 (C) = P^(C). By the property of the virtual Hodge polynomial, we obtain that 

VHP,(Rep 2 (m)„(C)) = VHP,(U 2 (m)(C)) • VHPe(PGL 2 (C)/B 2 (C)). 

Since VHPe(U 2 (m)(C)) = z'^{z'^-l) and VHPc(PGL 2 (C)/B 2 (C)) = 1+z, VHPe(Rep 2 (m)„(C)) = 
z"^{z + l)(z’” — 1). Since dime Rep 2 (m)„(C) = 2m + 1, we have 

VHP(Rep 2 (m)„(C)) = z2™+ivHP,(Rep2(m),(C))(z-i). 

Hence VHP(Rep 2 (m)u(C)) = (1 + z){l — z™). □ 

We consider the virtual Hodge polynomial of Rep 2 (m)rk 2 (C). Let Ui be the subspace of 
Rep 2 (m)rk 2 (C) consisting of (Hi,..., Am) such that Hi,..., Hi_i are scalar matrices, and H^ is 
not a scalar matrix. Then we have a decomposition of Rep 2 (m)i.k 2 (C): 

Rep2(m)rk2(C) = C/i U • • • U Um- 

Note that Ui fi 17, = 0 for i ^ j. Since Uk is open in we have 

VHP,(ur.,C/.) = VRP,{Uk)+YRPc{U^k+lU^) 
ioi 1 < k < n. Hence we obtain 

n 

VHP,(Rep2(m),k2(C)) = ^ VHPe(f/,). 

i=l 

Let I 2 be the identity matrix in M 2 (C). For (Hi,...,Hm) € Ui, we can uniquely write H^ = 
arl 2 + PrAi for r > i + 1, where Ur, Pr G C. This implies that 

Ui ^ C-i X (M2(C) - C • /2) X (C2)™-L 

Then we have VHP(C/i) = 1 - z^ and YRPdUi) = z^-^ ■ (z^ _ z) ■ z2(m-i) = - 1). Hence 

we obtain the following proposition. 

Proposition 5.5. The virtual Hodge polynomial 0 / Rep 2 (m)rk 2 (C) is given by 
VHPe(Rep 2 (m),k 2 (C)) = z"^{z^ + z + l)(z™ - 1). 

Remark 5.6. We have a decomposition 

Rep2(m)rk2(C) = Rep2(m)ss(C) U Rep2(m)ti(C), 

where Rep 2 (m)ss(C) n Rep 2 (m)u(C) = 0 and Rep 2 (m)ss(C) is open in Rep 2 (m)rk 2 (C). By 
Propositions 15.31 and 15.41 VHPc(Rep 2 (m)ss(C)) = z"^^'^{z'^ — 1) and VHPc(Rep 2 (m)u(C)) = 
z™(z + l)(z’" — 1). Hence we have 

VHPc(Rep 2 (m)rk 2 (C)) = z™+ 2 ( 2 ’" - 1) + z™(z + l)(z™ - 1) 

= z™(z2 + z + l)(z™-l). 

By dehnition, we have Rep 2 (m)i.ki(C) = Rep 2 (m)sc(C). Then we obtain the following proposi¬ 
tion by Theorem 14.II 

Proposition 5.7. The virtual Hodge polynomial ofPep^{m)gcpC) is given by 

VHP(Rep„(m),,(C)) = 1, 

VHPe(Rep„(m)sc(C)) = z™. 
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Recall that Rep„(m)azr(Jsl) = Rep„(?R.)rkn 2 is the representation variety of absolutely irre¬ 
ducible representations. Since Rep„(m)air(if) is an open subvariety of Rep„(m)(it') = (M„(Rr))'", 
Rep„(m)air(Ri) is smooth of pure dimension mn?. When n = 2, we can calculate the virtual Hodge 
polynomial of Rep 2 (m)air(C) by using the above results. 

Theorem 5.8 (Theorem ll.il) . The virtual Hodge polynomial o/Rep 2 (TO)air(C) is given by 
VHP(Rep2(mW(C)) = (1 - z™)(l - 

VHP,(Rep2(m)a*r(C)) = z2-+i(z™ - l)(z™-i - 1). 

Proof. First, we calculate VHPc(Rep 2 (m)air(C)). We see that VHPc(Rep 2 (m)) = since 
Rep 2 (m)(C) = M 2 (C)™. We have a decomposition of Rep 2 (m.)(C): 

Rep2(TO)(C) = U^^iRep2(m)rkfi(C). 

Then Rep 2 (m)rki(C) D Rep 2 (m)rkj(C) = 0 if i ^ j. Furthermore, Rep 2 (m)rkii(C) is closed in 
U^^^Rep 2 (TO)rki(C). By the additivity property of virtual Hodge polynomial, 

4 

VHP,(Rep 2 (m)(C)) = ^ VHP,(Rep 2 (m)rkh(C)). 

h=l 

Recall that Rep2(m)rk4(C) = Rep 2 (m)air(C) and Rep 2 (m)rk 3 (C) = Rep 2 (m)_B(C). Then we can 
calculate VHPc(Rep 2 (m)air(C)) by Propositions 15.31 [5^ 15.71 and 15.21 

Since Rep 2 (m)air(C) is smooth of pure dimension 4m, we can calculate VHP(Rep 2 (m)air (C)) 
by the formula VHP(Rep 2 (m)air(C)) = z^"‘VHPc(Rep 2 (m)air(C))(z ^). □ 

5.2. Virtual Hodge polynomials of the character varieties of degree 2. In this subsection 
we study the virtual Hodge polynomials of the character varieties of degree 2 over C. 

Lemma 5.9. The virtual Hodge polynomial of the configuration space C„(C™) is given by 

VHP(C„(C™)) = 1 - z™, 

VHPc(C„(C™)) = - 1). 

Proof. By Lemma [2.201 the quotient map F'„(C™) —>■ Cn(C™) induces an injection on the rational 
cohomology groups Q) ^ iF*(F„(C’");Q), and iF*(C„(C’");Q) = A(s) with |s| = 

2m — 1. Since the mixed Hodge structure on Q) is pure of type (m,m) (cf. [22l 

Section 5.3]), we see that the virtual Hodge polynomial of C„(C’") is given by VHP(C„(C™)) = 
1 — z™. Since C„(C’") is smooth of dimension mn, VHPc(C„(C’")) = z™”VHP(C„(C"*))(z“^). 
Hence we obtain that VHPe(C„(C™)) = _ l). □ 

By Corollarv l2.51 we obtain the following proposition. 

Proposition 5.10. The virtual Hodge polynomial o/Ch„(m)ss(C) is given by 

VHP(Ch„(m),,(C)) = 1-z™, 

VHPe(Ch„(m),,(C)) = z”^("-i)(z™-l). 

By Corollary [XU and Remark 13.51 we obtain the following proposition. 

Proposition 5.11. The virtual Hodge polynomial o/Ch 2 (m)„(C) is given by 

1 _ m 

VHP(Ch 2 (m),(C)) = --, 

i — z 

z’"(z™ - 1) 


VHP,(Ch 2 (m),(C)) 


z- 1 
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By Theorems 14.11 and 14.21 we have Ch„(m)sc(C) = Rep„(TO),jc(C) = C'". Hence we obtain the 
following proposition. 


Proposition 5.12. The virtual Hodge polynomial 0/Ch„(m)sc(C) is given by 

VHP(Ch„(m),e(C)) = 1, 

VHP,(Ch„(m),e(C)) = 


We calculated the virtual Hodge polynomial of Ch„(m)B(C) in [2T] and [22]. 

Proposition 5.13 ([21] Proposition 7.8] and [22 Corollary 8.8]). The virtual Hodge polynomial 
of Chn{m)B (JC) is given by 


VHP(Ch„(m)B(C)) 

VHP,(Ch„(m)B(C)) 


0-1(1 

(1 - 

^(m —l)(n—l)(n—2)/2|'^m—1 —1 1 

{z - 1)"-1 


k) 


The conjugate action of matrices induces an action of PGL„(C) on Rep„(m)air(C). The char¬ 
acter variety Ch„(m)air(C) of absolutely irreducible representations is defined to be the quotient 
space 

Ch„(m)air(C) = Rep„(m)a*r(C)/PGL„(C). 

We let TT be the quotient map 


TT : Rep„(m) air (C) > Ghn(?7l)air(C). 

By [T5], there exists a smooth scheme Chn{m)air over Z, and Gh„(m)air(C) is the associated 
algebraic variety. Furthermore, the quotient map tt is induced by a map 

TT : Rep„(m) air -)• Ch„(m) air 

of schemes over Z. 

To calculate the virtual Hodge polynomial of Ch„(m)aij.(C), we need the multiplicative property 
of the virtual Hodge polynomials. Let (/? : X —)• F be a map of complex algebraic varieties. Let 
be the constant sheaf on X. We denote by R‘‘(p^Q^ the gth higher direct image of and 
by the qth higher direct image with compact support. 

Theorem 5.14 (cf. [2 Lemma 2 and Remark 2] and |2 Theorem 6.1]). Let f : X ^ Y be a map 
of complex algebraic varieties, where Y is smooth and connected. We suppose that f is a locally 
trivial fibration with respect to the complex topology. Suppose further that respectively 

R‘^p\Qx^ is a constant sheaf on Y for all q. Then we have 

VHP(X) = VHP(r) ■ VHP(F), 


respectively 


VHP,(X) = VHP,(F) • VHP,(F). 


Let us verify if tt satishes the conditions in Theorem l5.14l 


Proposition 5.15. Let f : X ^ Y be a principal fibre bundle with group G over a scheme S in 
the sense of [13 Definition 0.10]. In other words, (Y, f) is a geometric quotient of X by G over S 
satisfying 

(1) G is flat and of finite type over S, 

(2) / is aflat morphism of finite type, 

(3) G Xs X ^ X Xy X is an isomorphism. 
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If f is smooth, then f has a local trivialization with respect to the etale topology. 

Proof. By [SI 17.16.3(ii)] (cf. [TU Chapter I, Propositions 3.24 and 3.26]), there exist a surjective 
etale morphism h : Y' ^ Y, and a F-morphism g : Y' ^ X. Hence / has a local trivialization 
with respect to the etale topology. □ 


By [TSl Corollary 6.4], tt is a principal fibre bundle with PGL„. Note that tt is smooth because 
TT is fiat and the 7r“^(a;) is regular for any geometric point x of Ch.n{m)air- By Proposition 15.151 
we obtain the following corollary. 

Corollary 5.16. The map tt is a fibre bundle with respect to the etale topology. In particular, so 
is TT with respect to the complex topology. 

Notice that Ch„(m)air(C) is path-connected. 

Lemma 5.17. For any q, i?‘?7r*Q and are constant sheaves on Ch„(m)air(C). 

Proof. Since tt is locally trivial with respect to the complex topology, i?'^7r*Q and R‘>tt]Q are locally 
constant. Take a base point x in Ch„(m)air(C). The fundamental group 7ri(Ch„(m)air(C), x) 
acts on the stalks (R‘^Tr^Q)x — H'^{tt~^ {x);Q) and {R'^tt\Q)x = II^{tt~^ {x);Q) through the map 
7ri(Ch„(m)oir(C),x) —>■ 7ro(PGL„(C)). Since PGL„(C) is path-connected, the action is trivial. 
Hence the locally constant sheaves and R'^^T^,Q are constant. □ 


By the above argument, we can apply Theorem 15. 141 Then we obtain the following theorem. 

Theorem 5.18 fTheorem ll.2|l . The virtual Hodge polynomial of the character variety Ch 2 (m)air (C) 
of absolutely irreducible representations is given by 


VHP(Ch 2 (m)„,,(C)) = 

VHP,(Ch 2 (m)„,,(C)) = 

Proof. The theorem follows from Theorem 15.81 


(l-z™)(l-z™-i) 

- l)(z™-i - 1) 

^231 ■ 

□ 


6. The number oe absolutely irreducible representations 

Let p be a prime number and let q be a power of p. We denote by the finite field with q 
elements. In this section we study the number of absolutely irreducible representations of degree 2 
over Fq for the free monoid with m generators. For a scheme X, we denote by jX(Fq)j the number 
of Fq-valued points of X. Then |Rep„(m)air(Fq)| is the number of absolutely irreducible represen¬ 
tations of degree n over F, for the free monoid with m generators. We show that |Ch„(m)air(Fq)| 
is the number of isomorphism classes of such representations. In case n = 2, we show that these 
numbers coincide with the virtual Hodge polynomials evaluated at q. 

Let Fg be the algebraic closure of Fg and let F : Fg —>• Fg be the Frobenius map given by 
F{x) = x^. If a scheme X is defined over Z, F induces a map F : X(Fg) —?► X(Fg). Since F’ is a 
topological generator of Gal(Fg/Fg), jX(Fg)| is the number of fixed points under F. 

Proposition 6.1. The number of¥q-valued points o/Ch 2 (m)ss is given by 

lGh2(m)..(Fg)| =g’"(g™-l). 

Proof. By Corollary 12.51 we have an isomorphism 

Ch2(m),,(Fg) ^C2(Fg™). 
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Take x = [a, b] £ C 2 (Fq'"). Then F{x) = [F{a), F{b)]. If F{x) = x, then (i) F{a) = a and F{b) = b, 
or (ii) F{a) = b and F{b) = a. We denote by Xi and X 2 the subsets of Ch 2 (m)ss(®’q) consisting 
of elements of type (i) and (ii), respectively. 

In case (i), a,b G (Fg)"*. Since |T 2 (Fg'")| = — 1) and E 2 freely acts on ^ 2 (^ 5 ™), the 

number of is given by 

\X,\ = \q^{q^-l). 

In case (ii), a G (^ 52 )"* and b = F{a). Hence b is determined by a. Since a ^ b, a G 
(Fg2)™ — (Fg)"*. Noticing [a, i^(a)] = [i^(a),a], we obtain that the number of X2 is given by 

\X2\ = l{q^^-qn- 

The number of Fg-valued points of Ch 2 (m)ss is calculated as 

\X,\ + \X2\=q^{q"^-l). 

□ 


Proposition 6.2. The number of¥g-valued points o/Rep2(7n)ss is given by 

|Rep2(m)ss(Fg)| = (?™+^((7’" - 1). 

Proof. By Theorem l2.31 we have an isomorphism 

Rep 2 (m)««(Fg) ^ PGL 2 (Fg) xh, F 2 (Fg'"). 

Take x = [G;a,b] G Rep 2 (TO)ss(Fg), where G G PGL 2 (Fg) and (a, 6 ) G T 2 (Fg'"). Let us regard T 2 
as a closed subgroup scheme of PGL 2 . If F{x) = x, then (i) there exists T G T 2 (Fg) such that 
F(G) = GT and F{a) = a,F{h) = b, or (ii) there exists T G T 2 (Fg) such that F{G) = GTt and 
F{a) = b,F{b) = a, where r is the permutation matrix corresponding to the permutation (1,2). 
We denote by Xi and X 2 the subsets of Rep 2 (m)ss(Fg) consisting of elements of type (i) and (ii), 
respectively. 

In case (i), (a, &) G T 2 (Fg’"). We can take T' G T 2 (Fg) such that T'F(T')~^ = T. Setting 
G' = GT', we have F{G') = G', and hence G' G PGL 2 (Fg). Then x = [G; a, 6 ] = [G';a, 6 ]. This 
means we can take a representative of x as [G'; a, b] with G' G PGL 2 (Fg) and (a, b) G F 2 (Fg™). Let 
[G; a, b] be another representative of x with G G PGL 2 (Fg) and (a, b) G T 2 (Fg™). Then there exists 
iL G H 2 such that G = G'iL and ]T~^(a, b)F[ = (a, b). In particular, FI = G'~^G G H 2 nPGL 2 (Fg). 
Since H 2 fl PGL 2 (Fg) freely acts on PGL 2 (Fg) x F 2 (Fg"*), the number of Xi is given by 


1^11 = 


|PGL2(Fg)| ■ |P2(Fg-)| 
|H2nPGL2(Fg)| 


= 2 ^^ 


,m+l ( m 


(g'"-l)(g+l). 


In case (ii), b = F{a) with a G (Fg 2 )'" —(Fg)'". We can take T' G T 2 (Fg) such that T'F^(T') ^ = 
T. Setting G' = GT'tF{T')t, we have F(G') = G'r. In particular, F‘^{G') = G' and G' G 

PGL 2 (Fg 2 ). Notice that G' has the form G' = 


1 1 


t 0 
0 F 


with s G F „2 — Fg, t G F^ 


Put S = 


1 1 


. Then x = [5”; a, T'(a)]. So any element of X 2 has a representative of this 


form. Since any element of X 2 has exactly two representatives of this form, the number of X 2 is 
given by 

l^2| = ir+'(g™-i)(g-i). 
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The number of Fg-valued points of Rep 2 (m)ss is calculated as 


|Xi| + |X2| = r7™+2(g™-l). 


□ 


Proposition 6.3. The number of¥q-valued points o/Rep„(77i)sc and Ch„(m)sc cire given by 

|Rep2(m)sc(Fq)| = |Ch2(m)sc(F,)| = g™. 

Proof. The proposition follows from Theorems 14.11 and 14.21 □ 


In order to calculate the number of Fg-valued points of the other moduli spaces, we need the 
following lemmas. 

Lemma 6.4. Let L be a field and let L be its separable closure. Let G be an algebraic group over 
L and let X be a scheme of finite type over L. Suppose that G acts on X over L. If G{L) freely 
acts on X(L) and the Galois cohomology H^{L\G) is trivial, then there is a bijection 

{X(L)/G(L)f’^^^'^/^^ ^ X{L)/G{L). 

Proof. We put Gal = Gal(L/L). Let x be an element in X{L) such that the image under the 
quotient map X{L) —>• X{L)/G{L) is invariant under the action of Gal. Since the action of G{L) 
on X{L) is free, there exists a unique c{a) G G{L) such that = c(cr)x for each tr G Gal. Then 
c is a continuous 1-cocycle for Gal with the values in G{L). Since H^{L; G) is trivial, there exists 
g G G{L) such that c(cr) = g'^g~^ for all a G Gal. Then {g~^xy = g~^x and hence g~^x G X{L). 
This means the canonical map X{L) {X{L)/G{L))^^^ is surjective. 

Let Xi and X 2 be elements in X{L) that coincide in {X{L)/G{L))^^'^. There exists h G G{L) 
such that xi = hx 2 . Then xi = h'^X 2 for any a G Gal. Since the action of G{L) on X{L) is free, 
h‘^ = h and hence h G G{L). Therefore, the map X{L) —> (X(L)/G(L))®^* induces a bijection 

X{L)/G{L) A {X{L)IG{L))^-\ 

□ 


Lemma 6.5 ([H], see also [26l Ghapter VI, Proposition 3]). The Galois cohomology H^(¥q-,G) is 
trivial for any connected algebraic group G over F^. 

Proposition 6.6. The number of ¥q-valued points o/Rep 2 (m)u is given by 

|Rep2(m)u(Fg)| = - l)(g -h 1). 

Proof. By Theorem 13.21 the map PGL 2 Xb 2 U 2 (to) —^ Rep 2 (m)„ of algebraic varieties induces a 
bijection 

PGL2(F,) U2(TO)(Fg) ^ Rep2(m)„(F,). 

Since this bijection is compatible with the action of the Galois group Gal(Fq/Fg) on both sides, 
we see that 

Rep2(m)„(F,) ^ (PGL2(F,) U2(m)(F,))G"'(^‘>/^^). 

Notice that the action of B 2 (Fq) on PGL 2 (Fg) x U 2 (m-)(Fg) is free. By Lemmas 16.41 and 1631 we 
obtain 

IT. . ^ M |PGL 2 (Fg)| . |U 2 (m)(Fg)| 

|Rep,(m).(F,)| =--, 

The proposition follows from the fact that U 2 (m)(Fg) = Fg™ x (Fg™ — 0). □ 
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Proposition 6.7. The number of Vq-valued points of Ch 2 {m)u is given by 

ml m _ 

|Ch2(m)„(F,)| = ^ ^ 

Proof. By Corollarv l3.41 the map U 2 (m)/B 2 —>• Ch 2 (m)u of algebraic varieties induces a bijection 

(F,)™ X P'"-i(F,) A Ch2(m)„(F,) 

of Fq-valued points. This bijection is compatible with the action of the Galois group Gal(Fg/Fq) 
on both sides, and hence we obtain the following bijection 

(F^)m ^ ^ Ch 2 (m),(F,). 

The proposition follows from the fact that |(Fg)’" x P™“^(Fq)| = — l)/{q — 1). 

Proposition 6.8. The number of¥q-valued points o/Rep„(m)B is given by 


□ 


|Rep„(m)B(Fq)| = 


gm(n-l)(n-2)/2(gm _ _ fc) nLl(g'^ " 1) 

(9-1)” 


Proof By [HI §3], we have a bijection 

Rep„(m)B(Fq) = PGL„(Fq) B„(m)B(F,), 

where we regard B„(m)B as a scheme over Z. Notice that the action of B„(Fq) on PGL„(Fg) x 
B„(m)B(Fg) is free. By Lemmas 16.41 and 1531 we obtain 


|Rep„(m)s(F5)| = 

The proposition follows from the fact that 


|PGL„(F,)|.|B^(m)B(F,)| 

|B„(F,)| 


|i?n(m)B(F,)| = g-("-l)G-2)/2(gm _ (^m _ 


fc=0 


Proposition 6.9. The number of¥q-valued points of Chn{m)B is given by 

IGh IrG IF II - k) 

|Gh„(m)B(ll5)| — (g _ l)n-l 

Proof. By definition, there is a bijection 

Ch„(m)B(F,) ^ Rep„(m)B(F,)/PGL„(F,) 

This implies that there is a bijection 

Ch„(m)B(F,) ^ B„(TO)B(Fg)/B„(Fq) 

Note that B„(Fq) freely acts on B 2 (m)B(Fq). By Lemmas 16.41 and 1631 we obtain 

|B„(to)b(F,)| 


□ 


|Gh„(m)B(F,)| = 


The proposition is easily obtained from this. 


|B„(Fq)| 


□ 
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Theorem 6.10 (cf. Theorem ll.3|l . The number of absolutely irreducible representations of degree 2 
over Fq for the free monoid with m generators coincides with the virtual Hodge polynomial evaluated 
at q so that 

|Rep2(m)air(Fg)| = VHPc(Rep2(m)air(C))(g) 

= g2m+l('^m _ _ 1)_ 

Proof. By definition, we have a decomposition 

M2(F,)™ = H Rep2(m),(F,). 

*—sc,ss,u,B,air 

This decomposition is compatible with the map F. Taking the fixed points of F, we obtain a 
decomposition of M 2 (Fq)™: 

M2(F,)”^ = [] Rep2(m),(F,). 

*—sc,ss,u,B,air 

Hence 

|Rep2(m)air(Fq)| = ^ |Rep2(m)*(F,)|. 

*—sc,ss,u,B 

The theorem follows from Propositions 16.2116.3116.61 and 16.81 □ 


Theorem 6.11 (cf. Theorem 11.31) . The number of isomorphism classes of absolutely irreducible 
representations of degree n over F^ for the free monoid with m generators is 


|Ch„(m)air(Fq)| 


|Rep„(w)air(Fg)| 

|PGL„(F,)| 


In case n = 2, the number coincides with the virtual Hodge polynomial evaluated at q so that 


|Ch2(m)oir(Fg)| = VHPc(Ch2(m)air-(C))(q) 

- 1 ■ 

Proof. Since Ch„(m)ozr is the geometric quotient of Rep„(m)aij. by PGL„, there is a bijection 


Gh„ (m) air- (Fq) = Rep„ (TO)air (Fq)/PGL„ (F,). 

Notice that PGL„(Fg) freely acts on Rep„(m)air(Fq). By Lemmas 16.41 and [631 we obtain 

1/^1 \ fw M |P6Pn(^)air(Fg)| 

|Ch„(m)„.(F,)| = |pgl„(F.)| ■ 

This shows that the number of isomorphism classes of absolutely irreducible representations over 
¥q is |Ch„(m)air(Fg)|. When n = 2, we can calculate the number by Theorem 16.101 □ 

Remark 6.12. Let X be a separated scheme of finite type over Z. If there exists a polynomial 
Px(t) S Z[t] such that |X(Fq)| = Px{q) for all finite fields F^, then VHPc(X) is a polynomial of 
z = xy, and 

VHP,(X)(z) = Px{z). 

See O §6] for more details. 
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Remark 6.13. Let Sm be the quiver with one vertex and m edge loops. The path algebra of 
Sm over a field k is the free algebra k{Xi,X 2 , ■ ■ ■ ,Xm)- Hence the representations of the quiver 
Sm are the same things as those of the free monoid with m generators. Let AIRg^ (n, q) be the 
number of isomorphism classes of n-dimensional absolutely irreducible representations of Sm over 
Fq. By Theorem 16.Ill we have 


AIR5^(2,q) = 


_ 1) 

— 1 


Let AIDs^ (n, q) be the number of isomorphism classes of n-dimensional absolutely indecomposable 
representations of Sm over Fg. Using [ini Theorem 4.6], we can calculate AIDs^(2, q) as 


AID5„(2,9) = 


-,2m —1 { ^2m 


(^q2m _ 


q^-1 


We can verify that this number is equal to the sum 


|Ch 2 (m)„(F,)| + |Ch 2 (m)B(F,)| + |Ch 2 (m)„,,(F,)|. 


Let An{m) be the affine ring of Rep„(m). Let be the PGL„-invariant ring of An{m). 

We set Ch„(m) := SpecA„(m)^®^'*. By [27l Theorem 3], the set of F^-valued points of Ch„ (m) 
consists of the closed PGL„-orbits in Rep„(m). In particular, when n = 2, we have a decomposition 

Ch 2 (m)(F,) = Gh 2 (m)a,,(F,)]JCh 2 (m),«(F,)[]Ch 2 (m),,(F,) 

of Fq-valued points. This implies the following main theorem: 

Theorem 6.14 f Theorem 1 1.411 . The number of V q-valued points o/Ch 2 (TO) is given by 
|Ch2(m)(F,)| = |Ch2(m),i,(F,)| + |Ch2(m),,(F,)| + |Gh2(m),e(F,)| 

g2m+2^^2m—3 ^m—2 ^m—3 _j_ 

- 1 ■ 

In particular, the virtual Hodge polynomial of Ch 2 (m) is given by 


VHPc(Gh2(m))(z) = 


2^2m+2^^2m—3 ^m —2 ^m—3 _j_ 

- 1 ■ 


Remark 6.15. The Weil zeta functions of Rep 2 (TO)air-, Ch 2 (m)air, and Ch 2 (m) are given by 

. .-- A ' 


\ |Rep2(m)air(F5n)| 

Z(Rep2(TO)air',d,t) := expl^-^— t 


Z[Ch 2 [m)air,q,tj ■= exp 2 ^-^— t 


(1 _q2'm+lfy 

[f] 

Ylil - q^^+^^-^t) 


2=1 


\n—l 


ZiGh. 2 {m),q,t) 


:= exp 


E 


|Ch 2 (m)(F,n)| 


P(1 - 

2=1 

Z{Ch2{m)air,q,t) 


1 - 
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The Hasse-Weil zeta functions of Rep 2 (m)air, Ch 2 (m)air, and Ch 2 (m) are given by 

C(s — 4m)C(s — 2m — 1) 
C(s — 3m — l)C(s — 3m) ’ 

[^] 

C(s ~ 4m + 2i + 1) 


C(Rep2(m)air,s) := ^(Rep2(m)ajr,P,P = 


C(Ch2(m)oi^,s) := W_Z{Ch2{m)air,P,P 


C(s — 2m — 2* + 2) 


C(Ch 2 (m),s) := Z(Ch 2 (m),p,p '*) = C(Ch 2 (m)air, s)C(s - 2m), 


where ((s) is the Riemann zeta function. The completions of these zeta functions are defined as 


C(Rep2(m)air,s) 


((s — 4m)((s — 2m — 1) 
((s — 3m — l)C(s — 3m) 


C(s — 4m + 2i + 1) 

C(Ch2(m)air,s) := pi-, 

L 2 J 

((s — 2m — 2z + 2) 

i=l 

where ((s) := 7 r~^^^r(s/ 2 )((s) is the completion of the Riemann zeta function. Since (^(1 — s) = 
('(s), we have the following functional equations 

C(Rep 2 (m)air, 6 m + 2 -s) = ((Rep^imjair, s), 

C(Ch 2 (m)air, 6 m - 2 - s) = ((Ch 2 (m)air, s)~^. 
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